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Radiant Heat Transfer in a Flowing Radiating Medium

V. N. ApR1aNOV AND S. N. SHORIN

1729

N high temperature heat transfer installations (boiler
units, industrial furnaces) radiant heat transfer between
the flowing radiating combustion produects of the fuel and the
heated surfaces plays an important role. In Refs. 1-6, the
problem of radiant heat transfer in a moving medium has been
solved by assuming a uniform distribution of both the tem-
perature and the velocity in a transverse eross section of the
flow. The solution by Pukhov,® which was obtained by assum-
ing a uniform velocity distribution with respect to the cross
section, does not contain a similar assumption with respect to
the temperature. However, the radiation from the medium
to the heated surface is considered only in the direction
normal to the surface. In this paper an attempt is made to
solve the problem, taking into consideration nonuniformity of
velocities and temperatures in a transverse cross section of the
flow of the radiating medium for cylindrical and plane
channels, applicable to actual construction forms of heat
transfer installations.

Statement of the Problem and General Solution

Through the channel of the given geometric configuration,
there flows a “gray”’ radiating medium with a constant heat
capacity and with a coefficient of attenuation & which con-
sists, in the general case, of the coeflicients of absorption « and

Transglated from Izvestila Akademii Nauk SSSR, Otdel.
Tekh. Nauk (Bulletin of the Academy of Sciences USSR, Div.
Tech. Seci.), no. 5, 46-50 (1958). Translated by U. 8. Joint
Publications Research Service, New York.

of scattering 8 (¢ = a + B). Since this investigation deals
only with the process of the radiant heat transfer in a moving
medium, the medium is assumed to be not heat conducting
(A=0).

The walls that limit the channel are “gray,” and the dis-
tribution of emissivity and temperature along their surface is
assumed given. The hydrodynamic properties of the flow are
given by the distribution of velocity in the initial cross section
of the channel, whereas the distribution of the streamlines of
the medium is considered known. The initial temperature of
the medium is taken as constant over the entire inlet cross
section and equal to T'.

It is necessary to determine for the given conditions the
regularity of the distribution of the temperatures in the flow
of the medium and the heat transfer characteristics.

For the forementioned problem, for steady state conditions
and the absence of sources of heat in the medium, the energy
equation has the form

divg, + divge = 0 1

The divergence of the vector flux of convective heat trans-
fer, with ¢ = const, is

divg, = (yew, gradT) 2

where v, ¢, W are, respectively, the density, heat capacity, and
flow velocity of the medium at the point of volume under
consideration; T(°K) is the absolute temperature of the
medium at the same point.

The divergence of the vector flux of radiant energy transfer
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at the point of the volume under consideration is a function
of the temperature field in the entire volume of the medium V
and on the boundary surface F.

It can be represented in integral form as follows:

divgr(M) = {n(M) — a(M) Ty_v(M, P)n.(P)dVr —

2]
o) [, Trv(M, HESIFs| (3)

[ Here, 7, = 4aa,T* is the emission per unit volume of the
medium at the indicated points of the volume (M is considered
a fixed point, and P a variable point in the medium); E.(S) =
A(S)opT4(8) is the emission per unit area at the variable point
S on the surface F which bounds the volume of the medium V;
further, I'v_v(M, P) and T'r_v(M, S) are the resolvents of the
kernels:

e—-LMP
KV—V(M; P) = 47TZMP2
— Lus

Krv(M, §) = 20005 (7 hle)

wlars?

which are determined by the converging series of the type

Ty_v(M, P) = Ky_y(M, P) + 3" Ky_y.(M, P)
=1

Try(M, 8) = Kry(M,8) + 3> Krvi(M, S)

s=1

Here, Ky_v (M, P) and Kr_v,(M, S) represent the iterations
of the s order of the kernels Ky_y(M, P) and Kr_y(M, S).

For the case in which the medium is purely absorbing, which
we will consider to be the case henceforth, the scattering co-
efficient is equal to zero (8 = 0) and thus £ = «, and Eq. (3)
becomes

divg.(M) = 4k(M)oTH(M) — k(M) X

W Tv_v (M, PY4k(P)ooT4(P)dVr — k(M) X

., Trv (M, 9 A(S) 00TH(S)aFs (@)

From an examination of the thermodynamic equilibrium of
the system, and on the basis of the second law of thermody-
namies, we have the condition for a closed system:

f( o, Trv(M, PY(PYAV 2 +

Tev(M, S) o
fm) 2rVLP) A(Q)dFs = 1 (5)

4
Using Eq. (5), Eq. (4) can be reduced to the form:
divg-(M) = 4k(M) oy f(v) (TYM) ~— THP)|Tv_v(M, P)k X
Tr_v(M,S) %
4
A(s)dFs (6)

Disregarding further the radiant heat transfer between the
individual volume elements of the medium, Eq. (6) can be
written in the form:

divq (M) = 4k(M) oy X

(P)aVs + 460Dy [ (10D — THS)]

Trv(M,S)
4

[, 110D = THS)) A(S)dFs (T)

Equation (7) will be used to determine the temperature field
in the flow of the radiating medium.
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Taking the temperature of the walls of the channel to be
constant over the entire surface F' and equal to T(S) =
T = const, Eq. (7) becomes:

dive (M) = 4k(M) oo[T*M) — T*wanlfa(M, N 5y, Avarr)
(8)

$ulM, Ny ) = [ 72705 4 ()ap,

(F) 4

Here, Nz, = kA is the Bouguer number, caleulated for a
characteristic length A, of the system.

The value of the integral fo(M, N gy, Awann) in Eq. (8), upon
determination of the resolvent, is a function only of the coor-
dinates of point M and of the optical-geometric properties of
the radiating volume and surface.

The energy equation, on the basis Egs. (1, 2, and &), can
be written:

Ak(M)oo[TH(M) — T*waulfa(M, Npu, Awar)) + ve X

oT oT oT
(wza;—!—wy@—i-wzgz‘) =0 (9

Since we have assumed that the absorption coefficient of the
medium is constant (¥ = « = const), then for the case of one-
dimensional flow of the medium along the z axis, Eq. (9) re-
duces to

4:]90'0[T4 - Téwall]fd(M, NBu, Awall) +
wyiefo(yy, 20)dT/de = 0 (10)

where #; and v; are, respectively, the mean velocity and
density of the medium in the initial cross section of the channel
Folyn,z) = wi(yy,z1) /1 1s the normalized velocity distribution
in the initial cross section of the channel (x = 0).

A solution of Eq. (10) for the case in which f;(M) does not
depend on z, which is strictly valid for an infinitely long chan-
nel, is the following transcendental function of the tempera-
ture

kﬂ'oTswauxfd(M, NBu, Awall)
16 — =
wwlcfw(yx, 21)

In <Twa11 — Tl Twall + T> +
Tws,ll + Tl Twall - T

T — Twan
11
Twall + (TTI/TWB.II)] ( )

Equation (11)* can be written in the following dimension-
less form:

2 arcta.nl:

1 — = T°3%(T°,0

6 Fuly, 21) Npo A ¢ )
where

. . 2/6+T° -1
$(T0,0) = In T a1 +
_ @ — 1)(T° — 1) :l
2 arctan [OT“(T" Dy i) 12

and

T° = Ti/Twan Ngy = Bryie/aoTs?

0 = (T - Tws,ll)/(Tl - Twall)

Here, Nz, is the Boltzmann number for the initial cross
section of the channel; z/A is the dimensionless coordinate

* The second term on the right-hand side of Eq. (11) was mis-
printed in the original text—Reviewer.



JULY 1963

along a streamline of the medium; @ is the dimensionless tem-
perature at the point of the volume under consideration; Ty
and T'wan are, respectively, the temperatures in °K of the
medium in the initial cross section of the channel and of the
wall which bounds the channel.

For the case in which Twan = 0°K, the solution of the
differential Eq. (10), represented in dimensionless form, is

6 = (mm) 0 X

2 Npufa(M, Nz, Awa!l)
mw =1+ 12—~ —F——— = 13
(7r + Tl 20 13)

A Ng
where mm is a dimensionless parameter which depends on the
entire set of parameters and on the coordinates of the point M
under consideration.
Using Eq. (13), Eq. (12) can be rearranged as follows:

Tm = 1 + 0.75T°38(T°,0) (14)

The curves in Fig. 1 show the dimensionless temperature
field 6 as a function of the parameter o and the temperature
ratio 1/T° = Twau/Th, caleulated from Eq. (14), which repre-
sents the general solution of the problem of radiant heat
transfer in the one-dimensional flow of the medium.
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Fig. 1 Curves of dimensionless temperature in flow 6 =
(T = Twa)/(T1 — Twan1) as a function of parameter =,
and of temperature ratio Tw.n/7T1, plotted from Eq. (14)

The dimensionless calorimetric temperature at the outlet
cross section is determined by the expression

- 1
0= 5 f e, Odeltn, 2)aF nx (1)
where Fgx is the area of the outlet cross section of the flow,
and 6, is the dimensionless temperature of the flow at the
point of the outlet cross section under consideration.

The Bansen number, equal to the ratio of the temperature
difference in the flow to the average temperature difference
between the fluid and the walls is

A“'Ba = Tl — T2 =2 1-9 (Tflow = z]_:g-—]:—2> (16)

Ttiow — Twan 1L+ 8

Here, Tiow is the average temperature of the flow, @ is
the dimensionless outlet calorimetric temperature defined in
Eq. (15).

The coefficient of direct thermal efficiency ¢, which repre-
sents the ratio of the amount of heat absorbed by the heated
surface to that amount of heat which the flow would have
emitted being cooled from its original temperature T4 to the
temperature of the heat absorbing surface T a1, is equal (for
¢ = const) to:

c=1-—28 17
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Fig. 2 Solution of problem of radiant heat transfer in a
moving medium for a cylindrical channel

1. Solution of the Problem for a Cylindrical Channel

A purely absorbing medium with an absorption coefficient
k = « (Fig. 2) is flowing through a cylindrical tube of diameter
D. The emissivity of the wall of the cylindrical channel is
A(S) = Ay and its temperature is T(S) = Twun = 0°K;
both are constant over the entire surface. The temperature
of the medium in the inlet cross section is also constant and
equal to T:. The direction of the streamlines of the medium
is considered parallel to the axis of the channel, whereas the
velocity distribution over the inlet cross section is symmetric
and is given by the distribution function

w1/ Bi(r/R) = fu(r/R)

where w; is the average velocity in the inlet cross section of the
flow.

The value of the integral in Eq. (8), on the basis of an
analysis for cylinders with a large ratio of L/D, was obtained
as follows -

r _ FF—V(M: S) _
o (5 kD, o) = [, D A0 -

Anane” %& ch (akr)
Awall + Amed - AwallAmed

(18)

where A ga1 and Amea are the absorptivity of the wall and ab-
sorptivity of the cylindrical volume of the medium which fills
the channel; a = V/2is an approximately constant coeffi-
cient for the cylindrical form of the channel; R is the radius
of the cylindrical channel and r is the radial coordinate.

From the condition, Twan = 0°K, and utilizing Eq. (13),
we obtain the following function for the dimensionless tem-
perature in the cylindrical channel:

/(o) === (e

Nzufa(r/R, kD, Awar) \ ™
Na  Fu/B) ) (19)

where T(z/D, r/R) is the temperature in the point of the

volume under consideration, which has the dimensionless co-
ordinates z/D and r/R; Ng. = kD is the Bouguer number
and N, is the Boltzmann number. As a characteristic di-
mension, the diameter of the cylindrical channel was selected.
The dimensionless calorimetric temperature of the flow in
the outlet cross section is determined on the basis of (15) from
the expression
g T, 1 fR Fwl(r/R)2ardr
T aRJo Y(r)

The Bansen number is calculated from (16) and (20). In
analyzing Eqs. (20) and (16), it can be seen that the heat
transfer as a function of the optical density of the medium is
not at all a monotonous function asis the case in the previously
indicated solutions, but passes through a maximum.

(20)
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Fig. 3 Dimensionless calorimetric temperature at the

outlet of § = T/T; as a function of Bouguer number

N gy = kD for a cylindrical channel: curvesland3arefora

uniform velocity, curves 2 and 4 for a parabolic distribution

[Eq. (21)]; curves 1 and 2 are for Nz, = 3, curves 3 and 4 for
N3g, = 80; dotted curves—solutions (see Refs. 1~4)

For illustration of this fact, Figs. 3 and 4 show N as a
function of the Bouguer number N3z, calculated from Eqgs.
(20) and (16). The calculations were made for two values of
the Boltzmann numbers—Ngz, = 3 and Nz, = 80 with a
ratio of L/D = 10 and with uniform and parabolic distribu-
tions of velocity in the inlet cross section:

fulr/R) =1 fur/R) = 2(1 — (r*/R%)) (21

The emissivity of the walls was taken equal to Asan = 1.
For comparison, these same curves show analogous functions
calculated from the formula which was obtained by previous
authors in Refs. 1-4 on the assumption of the constancy of
the temperature in the transverse cross section of the channel.

In contrast to the generally accepted ideas, a characteristic
peculiarity of the function obtained in this work is its ex-
tremal nature (passage of the heat transfer through a maxi-
mum with increasing optical density of the medium).

A noticeable influence on the radiant heat transfer in the
flow is also exerted by the hydrodynamics which enter into the
solution by the velocity distribution along the cross section of
the channel. Asis seen from the curves, with increasing non-
uniformity of the velocity distribution, the heat transfer de-
creases, the more noticeably, the greater the Boltzmann
number.

The resulting maximum, although it seems on first view as
unexpected, is actually well confirmed by the physical ideas,
experimental data, and certain special analytical investiga-
tions of radiant heat transfer (see Refs. 6 and 7).

N,
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Fig.4 Bansen number N3, as a function of Bouguer num-

ber Np, for a eylindrical channel: curves 1 and 3 are for a

uniform distribution of velocity, curves 2 and 4 for para-

bolic distribution [Eq. (21)]; curves 1 and 2 are for N3, = 3,

curves 3 and 4 for N, = 80; dotted lines~solutions (see
Refs. 1-4)
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Fig.5 Solution of the problem of radiant heat transfer in
a moving medium for a plane channel

The resulting extremal nature of the function from a physi-
cal point of view is determined by the screening action of the
cold layers of the gas, which are situated closer to the wall of
the channel. The effect of decreasing the emissivity of the
medium with an increase of its optical density to a certain
extent is contained also in the purely empirical formulas
which determine the radiation heat transfer in the
moving medium. For example, in comparing the norms of the
calculation of the boiler units, this effect was considered by
the introduction of a table of correction coefficients which de-
pend on the type of fuel and which decrease for optically
denser media.?

2. Solution of the Problem for a Plane Channel

A “gray” medium with a temperature in the initial cross
section Ty, average speed ;, and absorption coefficient & = «
moves into an infinite plane channel with a height of H. The
upper wall of the channel has an emissivity A; = 0 and the
lower wall, 4, = 1 (Fig. 5). The velocity distribution with
respect to the initial cross section of the channel is given by
the function

wy/wi(h/H) = fu(h/H)

The flow of the medium is one-dimensional just as for the
cylindrical channel. The streamlines are parallel to the
lateral planes of the channel. The temperature of the lower
radiation-receiving wall is equal to Twan.

The value of the integral in Eq. (8) for a sufficiently long
channel is obtained analytically as follows:

l_z_ = I_M]E’“S) — p—ak0.5H
fa (H’ kH) = f(F) 4 A(8)dFs = e X

[cosh(akh) _ A;E“;;_—”] (22)

where A(S) = Aw.n = 1 is the absorptivity of the radiation-
receiving surface Fsy, Ap.q is the absorptivity of the plane
layer of the medium which fills the channel, with a height H
and absorption coefficient &, determinable from known formu-
las, h is the vertical coordinate, ¢ ~ 2.83 is an approximately
constant coefficient for a plane layer.

The curves in Fig. 6 show the function fs(h/H, N ) for a
plane layer with 4; = 0 and 4, = 1, which will henceforth be
utilized in the calculations.

Since the temperature of the heat-accepting surface of the
plane channel differs from zero, Twann 5 0, then for the de-
termination of the temperature field, it is necessary to use
Eq. (13). For this case, the parameter 7, is given by the
formula

Nsuz fa(h/H, N5u)
Nz H fo(h/H)

in which Nz, = kH is the Bouguer number, N g, is the Boltz-
mann number, and z/H and h/H are dimensionless coordinates
of the point under consideration.

As a characteristic length for this case, the channel height
H was selected. By using the resulting function, it is possible

™ =14+ 12
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KH=0.00 long as the values of the Bouguer number are of the order of 1.
£y 7071 The flat movement along the radiation-receiving surface F,
(73 (diagram 2) gives the same effect of heat transfer as the flat
R 2 g
105 movement along the reflecting surface /', (diagram 3) as far
28k A as the values Nz, = kH = 0.15; further, the curves diverge
N il sharply and the advantage remains with diagram 2. The in-
R R e £/2 uence oi the optical density of the medium and of the ro-
fl f the optical density of th di d of the hyd
T — a dynamics of the flow on the radiant heat transfer turns out to
» e similar for bo e plane and cylindrical canal.
a6l ’ be similar for both the pl d cylindrical 1
'\\ \,\ JJ”— X
\ —Submitted February 18, 1958
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Reviewer’s Comment

The mathematics employed in this paper is more elegant
than in the authors’ previous treatment of this subject [see
“Heat transfer in the channel flow of radiating combustion
products,” Teploenerg. (Thermal Power), no. 3, 50 (1957)],
but the results obtained are identical. In their earlier paper,
the energy equation was written

ko T4q + puCu(dT/dx) = 0
where f; = (37) f4 exp(—kl)dw is the transmission factor, &
the (constant) linear absorption coefficient, I the distance be-

tween the volume element of the gas and the surface of the
channel, and w the solid angle. They stated that the trans-

6
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Fig. 7 Coefficients of direct thermal
efficiency as a function of Bouguer number

N3, in a plane channel for different velocity 4
distributions in the inlet cross section 4
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mission factor had been evaluated analytically for a long
cylindrical channel, with the result

fs = exp(— V2 kR) cosh(\/2 kr)

but gave no reference to where this was done.

The authors’ solution, which neglects thermal conduction
and beat generated by viscous dissipation, is presented in
terms of the Bouguer number, the Boltzmann number, and
the Bansen number. These dimensionless numbers are defined
as follows.

The Bouguer number N z. is equal to the product of the
linear absorption coefficient of the gas & (which, in general, is
a function of the temperature and pressure of the gas, as well
as of the wavelength of the radiation), and of some charac-
teristic length for the geometry considered, and would cor-
respond to what astrophysicists term the “optical depth,” if
the characteristic length were chosen along the direction of
the radiant flux vector.

The Bansen number Nz, = (Th — T2)/(Tiow — Twant) =
(heeaF) /mC,), where F is the surface area of channel walls,
m = puA the mass flow rate of the medium through a channel
of cross-sectional area A, T, the “cup-mixing”’ temperature
at the exit section, Triow = (T3 + T2)/2 is the mean tempera-
ture of the flow, T'wau the temperature of the channel wall,
and h:.q the radiative heat transfer coefficient per unit area
of the surface defined by ¢ =hraF (Tiiow — Twarr). The
Bansen number is analogous to the Stanton number Nsr =
(heonv/ puCyp) for convective heat transfer where heony is defined
by ge = hconvA(Tf]ow - Twall) a.nd, in fa:Ct, NBa = NSt(hradF)/‘
(heonvA).

The Boltzmann number Nz, = (p;u1Cp1/ 0oT1%), where the
subseripts 1 refer to the entrance section of the channel.
This is obviously closely related to the Bansen number, since
(N 3a)(Npo) = (hwaal') /(A 0oT?).

By assuming the walls of the channel to be totally black
and at 0°K, radiant energy exchange between the various
surface elements of the channel would be neglected. The
simplified problems treated by Adrianov and Shorin are useful
in giving insight into how radiation can influence the flow
field, the temperature distribution, and the total heat transfer
rate to the channel walls. The energy equation with radiation
included is extremely complicated, since it is a nonlinear, in-
tegrodifferential equation. Some recent approximate solu-
tions have been obtained by other authors essentially by the
application of existing emissivity information to flow and
temperature distributions calculated on the basis of a non-
radiating medium.' =t Also, several estimates of the coupling
between radiative and convective transport in detached shock
layers have been made.'?7'* The problem of combined con-
vective and radiative energy transfer has been treated for the
limiting cases of an optically thin medium,'*~" an optically
dense medium,'® and a medium completely transparent to ra-
diation.!*=22 The problem of combined conductive and radia-
tive energy transfer has been treated for an optically dense
medium,?3~% where the diffusion approximation is applicable.
To the reviewer’s knowledge, no papers have appeared in
which the combined effects of radiation, conduction and
convection are treated analytically.

—L. D. Gray
Guggenheim Jet Propulsion Center
California Institute of Technology
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